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In this paper, we obtain a criterion for the decomposition of the λ-fold balanced complete
bipartite multigraph λKn,n into (not necessarily isomorphic) multistars with the same
number of edges. We also give a necessary and sufficient condition of decomposing 2Kn,n
into isomorphic multistars.
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1. Introduction and preliminaries
For a positive integer n, let Kn,n denote the balanced complete bipartite graph with both parts of size n. For a positive
integer λ and a graph G, let λG denote the multigraph obtained from G by replacing each edge e of G by λ edges with the
same ends as e.
Let S` denote the star with ` edges. For ` ≥ 2, the vertex of degree ` in S` is called the center of S` and any vertex of
degree 1 is called an endvertex of S`. Any one of the two vertices of S1 can be chosen as the center, and the other one the
endvertex. A multistar is a star with multiple edges allowed. We use S1n12n2 ···knk to denote a multistar which has ni edges
with multiplicity i for i = 1, 2, . . . , k. As an illustration, the multistar S1223 is exhibited in Fig. 1. Obviously, S1n12n2 ···knk has
n1 + 2n2 + · · · + knk edges. Also, S1n1 = Sn1 .
Let H be a family of subgraphs of a multigraph G. If each edge of G is contained in exactly one member of H , then we
say that G has anH -decomposition. Furthermore, if each member ofH is isomorphic to a multigraph H , then we say that
G has an H-decomposition, and write H | G. There are a considerable number of papers dealing with the existence of anH -
decomposition of a multigraph G for a familyH of stars; see for example [2–4,6–8,10–15]. An excellent survey is given by
Bosák [1]. Priesler and Tarsi [9] showed that, for any multistar H (except a few cases), H-decomposition is NP-complete. Lee
et al. [5] considered the existence ofH -decompositions of λKn whereH is a family of multistars and obtained the following
results.
Theorem 1.1 ([5]; Theorem 2.6). Let m1 ≥ m2 ≥ · · · ≥ m` be nonnegative integers. Then, the complete multigraph λKn can
be decomposed into ` multistars, each of which has mi edges (i = 1, 2, . . . , `) if and only if the following three conditions are
satisfied:
(1) ` ≥ n− 1,
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Fig. 1. The multistar S1223 .
(2)
∑`
i=1mi = λ
( n
2
)
,
(3)
∑k
i=1mi ≤ λ
∑k
i=1(n− i) for k = 1, 2, . . . , n− 2.
Theorem 1.2 ([5]; Theorem 2.7). Let λ, n and m be positive integers. Then, λKn can be decomposed into (not necessarily
isomorphic) multistars, each of which has m edges if and only if m | λ ( n2 ) and m ≤ λn/2.
Theorem 1.3 ([5]; Theorem 3.6). Let S be a multistar contained in 2Kn. Suppose that S has m edges such that
(1) m | n(n− 1) and
(2) m ≤ n/2 or m = n− 1 or m = n.
Then, 2Kn has an S-decomposition.
In this paper, we consider the problem ofH -decomposition of λKn,n whereH is a family of multistars. In Section 2, we
obtain a criterion for the decomposition of λKn,n into multistars with the same number of edges, where these multistars
need not be isomorphic. In Section 3, we give a necessary and sufficient condition of decomposing 2Kn,n into isomorphic
multistars.
2. The multistar decomposition of λKn,n
We need some notations for our discussions. Suppose that G is a directed multigraph. Let x be a vertex of G. We use
deg+G (x) to denote the number of arcs oriented from x, and deg
−
G (x) the number of arcs oriented to x. When the directed
multigraph G is clear from the context, deg+ x and deg− x are used instead of deg+G (x) and deg
−
G (x), respectively.
In the sequel, let (A, B) be the bipartition of λKn,n where A = {a0, a1, . . . , an−1} and B = {b0, b1, . . . , bn−1}, and the
subscripts of ai and bj are taken modulo n.
In this section, we consider the problem of decomposing the λ-fold balanced complete bipartite multigraph λKn,n into
multistars with the same number of edges and obtain the following criterion:
Theorem 2.1. Let λ, ` and n be positive integers. Then λKn,n can be decomposed into (not necessarily isomorphic) multistars,
each of which has ` edges if and only if ` | λn2 and ` ≤ λn.
Proof (Necessity). Let D be the given decomposition of λKn,n into multistars. Since |D| = |E(λKn,n)|/` = λn2/`, which is an
integer, we have ` | λn2. Any multistar contained in λKn,n is a subgraph of S1020···λn . Thus ` ≤ λn.
(Sufficiency). It suffices to show that there exists an orientation of λKn,n such that, with this orientation, ` | deg+ x for each
vertex x. To this end, we orient the edges of λKn,n as follows: let λn = q`+ r where q and r are nonnegative integers such
that r < `, and let u = nr/`. Note that u is an integer since ` | λn2. Note also that u is a nonnegative integer< n. The result
is trivial for u = 0. We assume that u ≥ 1. For i = 0, 1, 2, . . . , u − 1, the edges aibi`, aibi`+1, aibi`+2, . . . , aib(i+1)`−1 are
oriented outward from ai. Note that from each ai (0 ≤ i ≤ u−1), we orient ` edges. Since each edge in λKn,n hasmultiplicity
λ and `/n ≤ λ, there are enough edges for the above orientation. Note also that if ` > n, oriented edges with multiplicity
greater than one occur. The edges which are not oriented yet are all oriented from B to A.
We check that the orientation is as required. From the construction of the orientation, it is easy to see that
deg+ ai =
{
` for i = 0, 1, 2, . . . , u− 1;
0 for i = u, u+ 1, u+ 2, . . . , n− 1,
which implies ` | deg+ ai for all ai ∈ A, and for all bj, bj′ ∈ B,
| deg− bj − deg− bj′ | ≤ 1.
Since deg+ bj + deg− bj = λn for each bj ∈ B, it follows from the above inequality that | deg+ bj − deg+ bj′ | ≤ 1 for all
bj, bj′ ∈ B. Furthermore,
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Fig. 2. The candidates for multistar with six edges in 3K4,4 .
n−1∑
i=0
deg+ bj = |E(λKn,n)| −
n−1∑
i=0
deg+ ai = λn2 − u` = λn2 − nr = nq`.
Thus, deg+ bj = q`, which implies that ` | deg+ bj for each bj ∈ B. This completes the proof. 
We have the following transitivity law for decompositions into isomorphic subgraphs.
Property 2.2. Suppose that F ,G and H are multigraphs. If H | G and G | F then H | F .
The multistars with ` edges in Theorem 2.1 may not be isomorphic. Actually the condition in Theorem 2.1 does
not guarantee an S-decomposition for every multistar S in λKn,n with the given conditions. For example, 3K4,4 can be
decomposed into eight multistars, each of which has six edges. But it cannot be required that for every multistar S with
six edges, there exists an S-decomposition of 3K4,4. Let S be a multistar with six edges which is contained in 3K4,4. There
are five candidates for S, which are S102032 , S112131 , S132031 , S1023 and S1222 . These multistars are given in Fig. 2. First, consider
S = S1023 . Since every edge of 3K4,4 is odd multiplicity, and every edge of S is of even multiplicity, 3K4,4 cannot have S-
decomposition. Secondly, let S = S132031 . We will show that in this case there is no S-decomposition of 3K4,4. Suppose, on
the contrary, that 3K4,4 has an S-decomposition D . Note that there is at most one multistar in D with center at any vertex in
3K4,4. Without loss of generality, we can assume that there is a multistar in D with center at a0 such that this multistar has
three edges joining a0 and b0, one edge joining a0 and b1, one edge joining a0 and b2, and one edge joining a0 and b3. Since
there is at most one multistar in D with center at b1, at least one of three edges joining a0 and b1 in 3K4,4 does not belong
to any multistar in D , which is absurd. Lastly, let S = S1222 , S112131 or S102032 . In these cases, there are S-decompositions of
3K4,4. Indeed, let G be the multistar S102034 . It is easy to see that S | G. Since G | 3K4,4, by Property 2.2 we have S | 3K4,4.
3. The isomorphic multistar decomposition of 2Kn,n
In this section, we will obtain a necessary and sufficient condition of decomposing 2Kn,n into isomorphic multistars. As
shown above, λKn,nmay not admit all the possible types of isomorphic multistar decompositions. However, it turns out that
all the possible types occur when λ = 2 (see Theorem 3.6).
In 2Kn,n, an edgewithmultiplicity 2 is referred to as a two-edge, and thatwithmultiplicity 1 as a one-edge. Inwhat follows,
we denote the multistar which has ` edges and k two-edges by S`,k. For example, the multistar exhibited in Fig. 1 is S8,3.
Let us begin with a lemma concerning the decomposition of a multistar into isomorphic multistars.
Lemma 3.1 ([5]; Lemma 3.3). Suppose that `, k, t, `′ and k′ are nonnegative integers such that ` = t`′ > 0, t ≥ 2 and k ≥ tk′.
Then, S`,k can be decomposed into t copies of S`′,k′ .
The case ` = 2k in the above lemma gives
Lemma 3.2 ([5]; Lemma 3.4). Suppose that k, t, `′ and k′ are nonnegative integers such that 2k = t`′ > 0, t ≥ 2. Then, S2k,k
can be decomposed into t copies of S`′,k′ .
The following well-known result about the decomposition of Km,n into isomorphic stars is due to S. Yamamoto.
Theorem 3.3 ([15]; Theorem 2.2). Km,n has an S`-decomposition if and only if
(1) ` | n when m < `,
(2) ` | mwhen n < `,
(3) ` | mn when ` ≤ min{m, n}.
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Fig. 3. A YZ-transformation on {ai, aj} ∪ {bk, b`}.
Puttingm = n in Theorem 3.3 or λ = 1 in Theorem 2.1, we have the following result.
Corollary 3.4. Kn,n has an S`-decomposition if and only if ` ≤ n and ` | n2.
Let G and H1,H2, . . . ,Hk be multigraphs. If G can be decomposed into subgraphs, each of which is isomorphic to Hi for
some i, then we say G has an {H1,H2, . . . ,Hk}-decomposition. The following lemma is used in the proof of Theorem 3.6.
Lemma 3.5. Suppose that n and p are positive integers such that p | n2. Let n = qp+ r where q and r are nonnegative integers
with r < p, and let u = nr/p. Then, we have that u is a nonnegative integer and
(1) if u is even and 2p ≤ n, then Kn,n has an {Sqp, S2p}-decomposition where q ≥ 2;
(2) if u is odd and 3p ≤ n, then Kn,n has an {Sqp, S3p, S2p}-decomposition where q ≥ 3.
Proof. We have that u is an integer since p | n2.
(1) u is an even integer and 2p ≤ n.
The conclusion is trivial if u = 0. Hence consider u ≥ 2. We orient the edges aib2pi, aib2pi+1, aib2pi+2, aib2pi+3, . . . , ai
b2p(i+1)−1 outward from ai for i = 0, 1, 2, . . . , u/2− 1. This can be done, since the degree of each ai in Kn,n is n and 2p ≤ n.
The remaining edges are oriented from B to A. From the construction of the orientation, we see that
deg+ ai =
2p i = 0, 1, 2, . . . ,
u
2
− 1,
0 i = u
2
,
u
2
+ 1, u
2
+ 2, . . . , n− 1,
and | deg− bj − deg− bj′ | ≤ 1 for every 0 ≤ j, j′ < n.
On the other hand, since deg+ bj+deg− bj = n for bj ∈ B, it follows from the above inequality that | deg+ bj−deg+ bj′ | ≤ 1
for bj, bj′ ∈ B. Furthermore,
n−1∑
i=0
deg+ bj = |E(Kn,n)| −
n−1∑
i=0
deg+ ai = n2 − up = n2 − nr = nqp.
Thus, deg+ bj = qp for bj ∈ B. Hence, Kn,n has an {Sqp, S2p}-decomposition.
(2) u is an odd integer and 3p ≤ n.
It follows from r ≥ 1 that n ≥ 3p + 1. Hence, u ≥ 5. We orient the edges aib2pi, aib2pi+1, aib2pi+2, . . . , aib2p(i+1)−1
(i = 0, 1, 2, . . . , (u − 5)/2) and the edges a u−3
2
b(u−3)p, a u−3
2
b(u−3)p+1, a u−3
2
b(u−3)p+2, . . . , a u−3
2
bup−1 outward from ai. This
can be done, since the degree of each ai in Kn,n is n and 3p ≤ n. The remaining edges are oriented from B to A. From the
construction of the orientation, we see that
deg+ ai =

2p for i = 0, 1, 2, . . . , u− 5
2
,
3p for i = u− 3
2
,
0 for i = u− 1
2
,
u+ 1
2
, . . . , n− 1,
and | deg− bj − deg− bj′ | ≤ 1 for every 0 ≤ j, j′ < n.
On the other hand, we can derive deg+ bj = qp for bj ∈ B by the same argument in (1). Hence, Kn,n has an {Sqp, S3p, S2p}-
decomposition. 
Two orientations Y and Z of the subgraph of 2Kn,n induced by {ai, aj}∪ {bk, b`} are exhibited in Fig. 3. It is easy to see that
deg+Y (x) = deg+Z (x) = 2 for each x ∈ {ai, aj, bk, b`}. Then, we say that there exists a YZ-transformation on {ai, aj} ∪ {bk, b`}.
In an oriented 2Kn,nwith bipartition (A, B), an oriented two-edge is said to be anAA-arc, or a BB-arc, or anAB-arc according
to the orientations of its arcs that are both outward from A, or both outward from B, or one outward from A and the other
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outward from B. Thus a YZ-transformation on a 2K2,2 is simply a transformation of two AA-arcs and two BB-arcs into four
AB-arcs.
The orientation of 2Kn,n can be represented in tabular formwhere the (i, j)-position is marked ‘‘ =’’, ‘‘‖’’ or ‘‘ ’’ according
to the multiple aibj that is an AA-arc, a BB-arc or an AB-arc.As an illustration, the tabular forms for some orientations of
2K10,10 are listed in Fig. 6. We show in the proof of Theorem 3.6 that these orientations correspond to S8,4−i-decompositions
(i = 0, 1, 2, 3, 4) of 2K10,10.
For any decomposition D of a graph G, 2D denotes the family {2S : S is in D}. Notice that 2D is a decomposition of 2G.
Now we prove the main result of this section.
Theorem 3.6. Suppose that n and ` are positive integers and k is a nonnegative integer such that 2k ≤ `. Then, 2Kn,n has an
S`,k-decomposition if and only if `− k ≤ n and ` | 2n2, and moreover ` = 2k for ` > n.
Proof (Necessity). LetD be an S`,k-decomposition of 2Kn,n. Since the number of endvertices of S`,k is `−k, we have `−k ≤ n.
Since |D| = |E(2Kn,n)|/` = 2n2/` is an integer, we have ` | 2n2.
Notice that for every two vertices in different parts of the bipartition (A, B) of 2Kn,n, at least one of them must be the
center of some S`,k in D . For ‘‘moreover’’ part, let ` > n. We have |D| = 2n2/` < 2n. Therefore, there exists at least one
vertex of 2Kn,n that is not the center of any S`,k inD . Without loss of generality, assume that this vertex is in B. Then, for each
ai in A there is at least one S`,k in D whose center is ai. On the other hand, since deg x = 2n < 2` for each vertex x of 2Kn,n,
there is at most one S`,k in D with center at each vertex of 2Kn,n. Thus, for each ai in A there is exactly one S`,k in D whose
center is ai.
Since |D| < 2n, the number of S`,k’s with centers at the vertices of B is |D| − n < n. Suppose that ` 6= 2k. Then, the S`,k’s
with centers in A contribute n(`− 2k) one-edges and those with centers in B contribute (|D| − n)(`− 2k) one-edges. This
contradicts to the fact that the one-edges from these two parts should appear in pairs. Thus ` = 2k.
(Sufficiency). Suppose `− k ≤ n and ` | 2n2. There are two cases to consider.
Case 1. ` > n and 2k = `.
The hypotheses that 2k = ` and ` − k ≤ n force k ≤ n. Now 2k = ` implies k | n2. By Corollary 3.4, there is an
Sk-decomposition of Kn,n; hence, 2Sk | 2Kn,n. Now, 2Sk = S2k,k = S`,k, so S`,k | 2Kn,n.
Case 2. ` ≤ n.
If ` | n2, then by Corollary 3.4, there is an S`-decomposition of Kn,n; hence 2S` | 2Kn,n. Since 2S` = S2`,` and 2k ≤ `, we
have S`,k | S2`,` by Lemma 3.2. Thus, S`,k | 2Kn,n by Property 2.2. Assume that ` 6 | n2. Notice that ` < n. We have 2 | `
since ` | 2n2. Let ` = 2p for some positive integer p. Then, p | n2. As in Lemma 3.5, we let n = qp + r , where q and r are
nonnegative integers such that r < p, and let u = nr/p. If u is even, by Lemma 3.5(1), Kn,n has an {Sqp, S2p}-decomposition
where q ≥ 2. Therefore, 2Kn,n has a {2Sqp, 2S2p}-decomposition. Notice that 2S2p = S4p,2p and 2Sqp = S2qp,qp. Hence, by
Lemma 3.2, for every k with 0 ≤ k ≤ p, we have S2p,k | 2Sqp and S2p,k | 2S2p; hence, S2p,k | 2Kn,n. This proves the result for
the case where u is even.
Suppose now that u is odd and 3p ≤ n. By Lemma 3.5(2), Kn,n has an {Sqp, S3p, S2p}-decompositionwhere q ≥ 3. Therefore
2Kn,n has a {2Sqp, 2S3p, 2S2p}-decomposition. Notice that 2S3p = S6p,3p. Hence, by Lemma 3.2, for every k with 0 ≤ k ≤ p,
we have S2p,k | 2Sqp, S2p,k | 2S2p and S2p,k | 2S3p; hence S2p,k | 2Kn,n.
Lastly we consider the case that u is odd and 2p < n < 3p. Note that u ≥ 3. First we show that S2p,p |
2Kn,n. In Kn,n, we orient the edges aib2pi, aib2pi+1, aib2pi+2, . . . , aib2p(i+1)−1 (i = 0, 1, 2, . . . , (u − 3)/2) and the edges
a u−1
2
b(u−1)p, a u−1
2
b(u−1)p+1, a u−1
2
b(u−1)p+2, a u−1
2
b(u−1)p+3, . . . , a u−1
2
bup−1 outward from ai. The remaining edges are oriented
from B to A. In the following let D be this orientation. By the same argument in the proof of Lemma 3.5, Kn,n has an
{Sqp, S2p, Sp}-decomposition where q ≥ 2. Therefore, 2Kn,n has a {2Sqp, 2S2p, 2Sp}-decomposition. Hence, S2p,p | 2Kn,n.
It remains to show that S2p,k | 2Kn,n for 0 ≤ k < p, or equivalently, S2p,p−α | 2Kn,n for 1 ≤ α ≤ p.
Since(
u− 1
2
)
(n− 2p) =
(
u− 1
2
)
n− up+ p
=
(
u− 1
2
− r
)
n+ p
≥ p,
(
since u = nr
p
≥ 2r + 1
)
and p > n− 2p > 0, there exist integers β, γ such that p = β(n− 2p)+ γ with 1 ≤ β ≤ (u− 3)/2 and 1 ≤ γ ≤ n− 2p.
Fig. 4 is the tabular form for the orientation of 2D which corresponds to an S2p,p-decomposition of 2Kn,n. We see that in the
tabular form for each i, 0 ≤ i ≤ β , there is a block Bi of n − 2p consecutive BB-arcs in the ith row, and these blocks are
located end to end from the upper right corner as we move down the rows. Let B′β be the subblock of Bβ which consists of
the last γ BB-arcs of Bβ . In addition, at the (u− 1)/2th row, the last p oriented two-edges are AA-arcs (note that p < n/2);
they form a block, say B(u−1)/2.
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Fig. 4. Tabular form for the orientation of 2D.
Fig. 5. Blocks in the tabular form.
Let L be the vertical central line of the tabular form. We look at the blocks which are the reflections of the blocks
B1, B2, . . . , Bβ−1, B′β about the line L. See Fig. 5. Note that all these new blocks consist of AA-arcs. We also look at the block
which is the reflection of the block B(u−1)/2 about the line L. Note that this new block consists of BB-arcs.
Consider p edge-disjoint 2K2,2’s induced by
{ai, a(u−1)/2} ∪ {bj, bn−1−j}, (Ď)
where 0 ≤ i < β, i(n− 2p) ≤ j < (i+ 1)(n− 2p) or i = β , β(n− 2p) ≤ j < p. Note that the arcs of these 2K2,2’s appear
in the union of the above blocks.
For 1 ≤ α ≤ p, arbitrarily choose α quadruplets {ai, a(u−1)/2} ∪ {bj, bn−1−j} from (Ď). Then, perform a YZ-transformation
on each of these α quadruplets. We will check that the new orientation is a required one for the S2p,2p−α-decomposition of
2Kn,n. Notice that the outdegree of each vertex in 2Kn,n remains unchanged, that is,
deg+ ai =

4p for i = 0, 1, 2, . . . , u− 3
2
,
2p for i = u− 1
2
,
0 for i = u+ 1
2
,
u+ 3
2
, . . . , n− 1.
and deg+ bj = 2qp for each bj ∈ B.
Obviously, the graph induced by the arcs oriented outward from a(u−1)/2 is an S2p,p−α .
Then, we check that the arcs oriented outward from each vertex ai ∈ A (0 ≤ i ≤ (u− 3)/2) can be decomposed into two
copies of S2p,p−α . This is true by Lemma 3.1, since for 0 ≤ i ≤ (u− 3)/2 the number of the AA-arcs of the i-th row is at least
2p− α, hence at least 2(p− α).
Next we check that the arcs oriented outward from each vertex bj ∈ B can be decomposed into q copies of S2p,p−α . Again
this is true by Lemma 3.1, since for 0 ≤ j ≤ n − 1 the number of the BB-arcs of the j-th column is at least qp − 1, hence at
least q(p− α).
Hence, we conclude that there is an S2p,p−α-decomposition of 2Kn,n for 1 ≤ α ≤ p. 
To illustrate the method used in the last case of the above proof, in Fig. 6 we first give the S8,4-decomposition of 2K10,10,
and then the S8,4−i-decompositions (i = 1, 2, 3, 4).
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Fig. 6. S8,4−i-decomposition (i = 0, 1, 2, 3, 4) of 2K10,10 . (The shaded regions denote those 2K2,2 ’s after YZ-transformations for each decomposition.)
References
[1] J. Bosák, Decompositions of Graphs, Kluwer, Dordrecht, Netherlands, 1990.
[2] D.E. Bryant, S. El-Zanati, C.V. Eyden, D.G. Hoffman, Star decompositions of cubes, Graphs Combin. 17 (2001) 55–59.
[3] D.G. Hoffman, The real truth about star designs, Discrete Math. 284 (2004) 177–180.
[4] C. Huang, On the existence of balanced bipartite designs II, Discrete Math. 9 (1974) 147–159.
[5] H.-C. Lee, J.-J. Lin, C. Lin, T.-W. Shyu, Multistar decomposition of complete multigraphs, Ars Combin. 74 (2005) 49–63.
[6] H.-C. Lee, C. Lin, Balanced star decompositions of regular multigraphs and λ-fold complete bipartite graphs, Discrete Math. 301 (2005) 195–206.
[7] C. Lin, J.-J. Lin, T.-W. Shyu, Isomorphic star decompositions of multicrowns and the power of cycles, Ars Combin. 53 (1999) 249–256.
[8] C. Lin, T.-W. Shyu, A necessary and sufficient condition for the star decomposition of complete graphs, J. Graph Theory 23 (1996) 361–364.
[9] M. Priesler, M. Tarsi, Multigraph decomposition into stars and into multistars, Discrete Math. 296 (2005) 235–244.
[10] M. Tarsi, Decomposition of complete multigraphs into stars, Discrete Math. 26 (1979) 273–278.
[11] M. Tarsi, On the decomposition of a graph into stars, Discrete Math. 36 (1981) 299–304.
[12] S. Tazawa, Decomposition of a complete multipartite graph into isomorphic claws, SIAM J. Algebr. Discrete Methods 6 (1985) 413–417.
[13] K. Ushio, On balanced claw designs of complete multipartite graphs, Discrete Math. 38 (1982) 117–119.
[14] K. Ushio, S. Tazawa, S. Yamamoto, On claw decomposition of complete multipartite graphs, Hiroshima Math. J. 8 (1978) 207–210.
[15] S. Yamamoto, H. Ikeda, S. Shige-eda, K. Ushio, N. Hamada, On claw-decomposition of complete graphs and complete bigraphs, Hiroshima Math. J. 5
(1975) 33–42.
